Intersection products for tensor triangular Chow groups by Klein, Sebastian
ar
X
iv
:1
50
5.
07
61
5v
1 
 [m
ath
.C
T]
  2
8 M
ay
 20
15
Intersection products for tensor triangular Chow groups
Sebastian Klein∗
Abstract
We show that under favorable circumstances, one can construct an intersection product on the
Chow groups of a tensor triangulated category T (as defined in [Bal13]) which generalizes the usual
intersection product on a non-singular algebraic variety. Our construction depends on the choice
of an algebraic model for T (a tensor Frobenius pair), which has to satisfy a K-theoretic regularity
condition analogous to the Gersten conjecture from algebraic geometry. In this situation, we are
able to prove an analogue of the Bloch formula and use it to define an intersection product similar
to Grayson’s construction from [Gra78]. We then recover the usual intersection product on a non-
singular algebraic variety assuming a K-theoretic compatibility condition.
Contents
1 Introduction 2
2 Preliminaries 3
2.1 Tensor triangular geometry . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
2.2 Tensor triangular Chow groups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
2.3 Algebraic models for tensor triangulated categories . . . . . . . . . . . . . . . . . . . . . . . . 7
2.4 Higher and negative algebraic K-theory of a Frobenius pair . . . . . . . . . . . . . . . . . . . 11
3 K-theory sheaves on the spectrum 13
4 Triangulated Gersten conjecture and triangulated Bloch formula 16
4.1 The triangulated Gersten conjecture . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
4.2 The triangulated Bloch formula . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
5 The intersection product 20
6 Example: strict perfect complexes on a non-singular algebraic variety 22
Appendix A The countable envelope of a tensor Frobenius pair 27
A.1 Ind-objects in an additive category . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
A.2 The countable envelope of an exact category . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
A.3 Tensor exact categories . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30
A.4 Tensor Frobenius pairs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
∗The author acknowledges the support of the European Union for the ERC grant No. 257004-HHNcdMir.
1
1 INTRODUCTION 2
References 33
1 Introduction
In [Bal13], the Chow groups CH∆
p
(T ) of a tensor triangulated category T were introduced and it was
shown in [Kle14] that they have a lot of desirable properties, in analogy with the situation in algebraic
geometry. The intersection product, one of the most important operations on the Chow groups of a non-
singular algebraic variety, however, did not have an analogue in the tensor triangular world yet. In this
article, we give a construction that provides us — under favorable circumstances — with an intersection
product for a tensor triangulated category T , that is defined on groups ∩CH
∆
p
(T ) ⊂ CH∆
p
(T ) (see
Definition 4.5). In the case that T = Dperf(X ) for a separated, non-singular scheme X of finite type over
a field, the groups ∩CH
∆
p
(T ) coincide with CH∆
p
(T ) (see Lemma 6.6) and thus recover the usual Chow
groups CHp(X ) by [Kle14, Theorem 3.2.6].
In order to define the intersection product, the category T should satisfy two conditions: Firstly, T
should have an “algebraic model” in the sense that there should exist a tensor Frobenius pair A (see
Definition 2.27) with derived category T . Following Schlichting [Sch06], the assumption that T has
a Frobenius pair as a model gives us the tools of the higher and negative algebraic K-theory of the
model. They allow us to define K-theory sheaves K (0)
p
on the spectrum Spc(T ) (see Definition 3.3).
Our second (and more restrictive) assumption concerns the behavior of a localization sequence arising
from the K-theory of the Frobenius models associated to certain sub-quotients of T , and states that an
analogue of the Gersten conjecture from algebraic geometry should hold (see Definition 4.1). Under
this assumption, we can construct a partial flasque resolution of the sheaf K (0)
p
and calculate
Hp(Spc(T ),K (0)
p
) ∼= ∩CH
∆
p
(T )
(see Theorem 4.8), a result analogous to the usual Bloch formula from algebraic geometry. We combine
this identification with the cup product from sheaf cohomology and a map
K (0)
p
⊗K (0)
q
→K (0)p+q
induced by the product in Waldhausen K-theory to obtain an intersection product
∩CH
∆
p
(T )⊗ ∩CH
∆
q
(T )→ ∩CH
∆
p+q
(T )
(see Definition 5.3). Using the identification ∩CH
∆
p
(Dperf(X )) = CHp(X ) for a separated, non-singular
scheme X of finite type over a field, we show that the product coincides with the usual intersection
product on X (see 6.7), by recurring to a similar theorem of Grayson (see [Gra78]). For the proof we
need to assume a compatibility condition between the products in the Waldhausen and Quillen K-theory
of a certain exact category.
The appendix discusses the countable envelope of a tensor Frobenius pair, a construction that ex-
tends work of Keller [Kel90, Appendix B] and Schlichting [Sch06, Section 4] and that we need in
order to obtain an algebraic model for the idempotent completion of a tensor triangulated category
(see Section 2.3.2).
Acknowledgements: The results in this paper are all taken from the author’s Ph.D. thesis, which
was written at Utrecht University and jointly supervised by Paul Balmer and Gunther Cornelissen. The
author would like to thank both of them for their support. The members of the thesis committee also
pointed out some corrections and suggested some improvements, for which the author is grateful.
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2 Preliminaries
2.1 Tensor triangular geometry
Let us recall some basics of tensor triangulated categories and tensor triangular geometry, our main tool
to study them.
2.1 Definition (see [Bal10, Definition 3]). A tensor triangulated category is an essentially small tri-
angulated category T endowed with a compatible symmetric monoidal structure. That is, there is a
bifunctor
⊗ : T ×T → T
and a unit object I, together with associator, unitor and commutator isomorphisms: for all objects
X ,Y, Z in T , we have natural isomorphisms
X ⊗ (Y ⊗ Z) ∼= (X ⊗ Y )⊗ Z , X ⊗ I ∼= X ∼= I⊗ X , X ⊗ Y ∼= Y ⊗ X
that satisfy the coherence conditions of [ML98, Section XI.1] to make T a symmetric monoidal category.
Furthermore, the bifunctor ⊗ is required to be exact in each variable.
2.2 Definition. A triangulated category T is called idempotent complete if all idempotent endomor-
phisms in T split. A full subcategory J ⊂ T is called dense if every object of T is a direct summand of
an object of J .
Recall that we can always embed a (tensor) triangulated category T into its idempotent completion
T ♮ as a dense subcategory. The category T ♮ is idempotent complete and naturally (tensor) triangulated,
and the essential image of T in T ♮ is dense (see [BS01] and [Bal05, Remark 3.12]). Idempotent
completions are functorial and if J ,→T is the inclusion of a full dense subcategory, then the induced
functor J ♮ ,→T ♮ is an equivalence.
The starting point for studying tensor triangulated categories geometrically is the spectrum of a
tensor triangulated category, whose construction we briefly describe next.
2.3 Definition. Let T be a tensor triangulated category. A thick triangulated subcategory J ⊂ T is
called
• ⊗-ideal if T ⊗J ⊂ J .
• prime if J is a proper ⊗-ideal (J 6= T ) and A⊗ B ∈ J implies A ∈ J or B ∈ J for all objects
A,B ∈ T .
2.4 Definition (see [Bal05]). Let T be an essentially small tensor triangulated category. The spectrum
of T is the set
Spc(T ) := {P ⊂ T :P is a prime ideal}
topologized by the basis of closed sets of the form
supp(A) := {P ∈ Spc(T ) : A /∈ P }
for objects A∈ T . The set supp(A) is called the support of A.
The spectrum Spc(T ) is well-behaved: it is always a spectral topological space and it behaves
(contravariantly) functorially with respect to the class of ⊗-exact functors (see e.g. [Bal10]). Let us
give some computations of Spc(T ) for the purpose of illustration.
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2.5 Example. The idempotent completion T ♮ is naturally a tensor triangulated category and the map
Spc(T ♮)→ Spc(T ) induced by the inclusion T ,→T ♮ is a homeomorphism (see [Bal05, Corollary 3.14]).
2.6 Example (see [Bal05], [BKS07, Theorem 9.5]). Let X be a quasi-compact, quasi-separated scheme
and let Dperf(X ) denote the derived category of perfect complexes on X . This is a tensor triangulated
category with tensor product ⊗L. We have Spc(Dperf(X )) ∼= X and moreover, the support supp(A•) of
a complex A• ∈ Dperf(X ) coincides with the support of the total homology sheaf
⊕
i H
i(A•) on X under
this isomorphism. The proof of the statement uses Thomason’s classification result from [Tho97].
2.7 Example (see [Bal05, Corollary 5.10]). Let G be a finite group and k be a field such that char(k)
divides the order of G. Let kG-stab denote the stable module category, i.e. the category of finitely gen-
erated kG-left modules with HomkG-stab(M ,N) = HomkG-mod(M ,N)/J , where J denotes the subgroup
of morphisms that factor through a projective module. This is a tensor triangulated category with ten-
sor product ⊗k. We have Spc(kG-stab)
∼= VG(k), the projective support variety of k. The variety VG(k)
is defined as Proj(H∗(G, k)), where H∗(G, k) denotes the cohomology ring of G over k. The support
supp(M) of a module M ∈ kG-stab coincides with the cohomological support of M in VG(k) under
this isomorphism. The proof of the statement uses the classification of thick ⊗-ideals in kG-stab from
[BCR97].
The spectrum of a tensor triangulated category T gives us the possibility to assign to each object of
T the dimension of its support.
2.8 Definition (see [Bal07]). A dimension function on T is a map
dim : Spc(T )→ Z∪ {±∞}
such that the following two conditions hold:
1. If Q ⊂P are prime tensor ideals of T , then dim(Q)≤ dim(P ).
2. If Q ⊂P and dim(Q) = dim(P ) ∈ Z, then Q = P .
For a subset V ⊂ Spc(T ), we define dim(V ) := sup{dim(P )|P ∈ V}. For every p ∈ Z ∪ {±∞}, we
define the full subcategory
T(p) := {a ∈ T : dim(supp(a))≤ p} .
We denote by Spc(T )p the set of points Q of Spc(T ) such that dim(Q) = p.
2.9 Remark. From the properties of supp(−), it follows that T(p) is a thick tensor ideal in T .
2.10 Example. The main examples of dimension functions we will consider are the Krull dimension and
the opposite of the Krull co-dimension. For P ∈ Spc(T ), its Krull dimension dimKrull(P ) is the maximal
length n of a chain of irreducible closed subsets
; ( C0 ( C1 ( . . . ( Cn = {P }.
Dually, we define the opposite of the Krull co-dimension
− codimKrull(P )
as follows: if we have a chain of irreducible closed subsets of maximal length
{P } = C0 ( C1 . . . ( Cn = maximal irred. comp. of Spc(T ) containing P
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we set
− codimKrull(P ) =−n .
A dimension function determines a filtration of T . We have a chain of ⊗-ideals
T(−∞) ⊂ · · · ⊂ T(p) ⊂ T(p+1) ⊂ · · · ⊂ T(∞) = T .
The sub-quotients of this filtration have a local description which we will recall next. First, let us
introduce another useful property of tensor triangulated categories.
2.11 Definition (see [Bal10, Definition 20]). A tensor triangulated category T is called rigid if there is
an exact functor D : T op →T and a natural isomorphism HomT (a⊗ b, c)
∼= HomT (b,D(a)⊗ c) for all
objects a, b, c ∈ T . The object D(a) is called the dual of a.
2.12 Example. Both categories Dperf(X ) and kG-stab (see Examples 2.6 and 2.7) are rigid. In these
cases, the functor D is given by RHom(−,OX ) and Homk(−, k) respectively.
2.13 Remark. From the natural isomorphism
HomT (a⊗ b, c)
∼= HomT (b,D(a)⊗ c)
of Definition 2.11, it follows that a ⊗− and D(a)⊗− form an adjoint pair of functors for all objects
a ∈ T .
We now fix a dimension function on a rigid tensor triangulated category T and look at the sub-
quotients of the induced filtration. They have a local description.
2.14 Theorem (see [Bal07, Theorem 3.24]). Let T be a rigid tensor triangulated category equipped with
a dimension function dim such that Spc(T ) is a noetherian topological space. Then, for all p ∈ Z, there is
an exact equivalence 
T(p)/T(p−1)
♮
→
∐
P∈Spc(T )
dim(P)=p
Min(TP) .
where TP := (T /P)
♮ and Min(TP) denotes the full triangulated subcategory of objects with support the
unique closed point of Spc(TP).
2.15 Remark. The exact equivalence of Theorem 2.14 is induced by the functor.
T(p)/T(p−1) →
∐
P ∈Spc(T )
dim(P )=p
Min(T /P )
a 7→ (QP (a))
where QP is the localization functor T → T /P . It is shown in [Bal07] that the image of this functor
is dense, so it induces an equivalence after idempotent completion on both sides.
2.16 Construction (Dimension functions and localizations). Assume we are given a rigid tensor trian-
gulated category T equipped with a dimension function dim and a thick ⊗-ideal I ⊂ T . By the classifi-
cation of thick ⊗-ideals in T (see [Bal05, Theorem 4.10]), there exists a Thomason subset Z ⊂ Spc(T )
(i.e. Z can be written as a union of closed subsets with quasi-compact complement) such that
I = TZ = {a ∈ T | supp(a)⊂ Z} .
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Let q : T → T /TZ be the Verdier localization functor and denote by U the complement of Z in Spc(T ).
By [Bal05, Proposition 3.11], q induces a homeomorphism
Spc(q) : Spc(T /TZ)
∼
−→ U ⊂ Spc(T )
which we use to define an induced dimension function dim |U on T /TZ by setting
dim |U (P ) := dim(Spc(q)(P ))
for P ∈ Spc(T /TZ).
The dimension function dim |U enables us to also filter the quotient T /TZ by dimension of support.
Let us prove that the quotient functor q is compatible with it.
2.17 Lemma. Let T be a rigid tensor triangulated category equipped with a dimension function dim and
let TZ ⊂ T be a thick tensor ideal as in Construction 2.16. Equip T /TZ with the dimension function dimU
and let q : T → T /TZ denote the localization functor. Then q(T(p)) ⊂ (T /TZ)(p) for all p ∈ Z. (In the
terminology of [Kle14], the functor q has relative dimension 0).
Proof. Let a be an object in T(p). Then we have
dim |U (supp(q(a))) = dim |U (supp(a)∩ U) = dim(supp(a)∩ U)≤ dim(supp(a))≤ p
where the first equality follows from [Bal05, Proposition 3.6] as Spc(q) is the inclusion U ,→ Spc(T ).
The dimension function− codimKrull is well-behaved with respect to restriction:
2.18 Lemma. Let T be a rigid tensor triangulated category equipped with the dimension function− codimT
Krull
and TZ ⊂ T be a thick tensor ideal as in Construction 2.16. Then the dimension functions − codim
T
Krull
|U
and − codim
T /TZ
Krull
on T /TZ coincide.
Proof. The Verdier quotient functor q : T → T /TZ induces an inclusion-preserving bijection between
the prime ideals of T /TZ and the prime ideals of T containing TZ (see [Bal05, Proposition 3.11]).
From this, the claim follows immediately, as − codimKrull | counts prime ideals in a chain that contain a
given one.
2.19 Remark. Lemma 2.18 is not true if we replace− codimKrull by dimKrull. For example, letP ∈ Spc(T )
be a prime ideal with dimKrull(P ) = c > 0 and set TZ := P . Then
dimKrull |U (0) = dimKrull(P ) = c
but the Krull dimension of the prime ideal 0 ∈ Spc(T /TZ) is 0.
2.2 Tensor triangular Chow groups
In [Bal13], the following notion of Chow groups for a tensor triangulated category was introduced. Let
T be a tensor triangulated category as in Definition 2.1, equipped with a dimension function and let
p ∈ Z. Consider the diagram
T(p)

 I //
Q

T(p+1)
T(p)/T(p−1)

 J // (T(p)/T(p−1))
♮
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where I , J denote the obvious embeddings and Q is the Verdier quotient functor. After applying K0 we
get a diagram
K0(T(p))
i //
q

K0(T(p+1))
K0(T(p)/T(p−1))

 j // K0

(T(p)/T(p−1))
♮

where the lowercase maps are induced by the uppercase functors.
2.20 Definition (see [Bal13, Definitions 8 and 10]). The p-dimensional cycle group of T is defined as
Z∆
p
(T ) := K0

(T(p)/T(p−1))
♮

.
The p-dimensional Chow group of T is defined as
CH∆
p
(T ) := Z∆
p
(T )/ j ◦ q(ker(i)) .
Let us recall from [Kle14] the following theorem that justifies the name "Chow groups":
2.21 Theorem (see [Kle14, Theorem 3.2.6]). Let X be a separated, non-singular scheme of finite type
over a field and assume that the tensor triangulated category Dperf(X ) is equipped with the dimension
function − codimKrull. Then there are isomorphisms
Z∆
p

Dperf(X )

∼= Z−p(X ) and CH∆p

Dperf(X )

∼= CH−p(X )
for all p ∈ Z.
2.3 Algebraic models for tensor triangulated categories
From now on, let T denote an essentially small tensor triangulated category as in Definition 2.1. It is
well-known that there is no K-theory functor from the category of small triangulated categories to the
category of spaces, if we require that it satisfies some natural axioms (see [Sch02]). In order to be able
to talk about the higher and negative K-theory of T , we therefore work with an algebraic model of T ,
rather than T itself. The primary aim of this section is, given a tensor triangulated category T with an
algebraic model, to produce algebraic models for certain triangulated subquotients of T , as well as for
their idempotent completions.
2.3.1 Monoidal models.
Let us first recall the notions of Frobenius pair and tensor Frobenius pair.
2.22 Definition (see [Sch06, Section 3.4], Definition A.17). A Frobenius category is an exact category
E that has enough injective and enough projective objects such that the classes of injective and pro-
jective objects in E coincide. A Frobenius pair E = (E ,E0) is a strictly full, faithful and exact inclusion
of Frobenius categories E0 ,→ E such that the projective-injective objects of E0 are mapped to the
projective-injective objects of E .
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To every Frobenius category, we can associate its stable category:
2.23 Definition. Let E be a Frobenius category. Its stable category E is the category with the same
objects as E and for two objects a, b ∈ E , we have
HomE (a, b) := HomE (a, b)/J ,
where J is the subgroup of homomorphisms that factor through a projective-injective object of E .
It is well-known that the category E has a natural structure of triangulated category (see e.g.
[Kel96]). The distinguished triangles are given as follows: for each object a ∈ E , choose a conflation
0→ a
ιa
−→ ia
πa
−→ Σa→ 0 ,
where ia is an injective object of E . Then, for a conflation
a
f
−→ b
g
−→ c
in E , we obtain a basic distinguished triangle
a
f
−→ b
g
−→ c
s
−→ Σa
in E from the commutative diagram in E
a
f //
id

b
g //

c
s

a
ιa // ia
πa // Σa
where the dotted arrow exists by the injectivity of ia and induces s. The distinguished triangles in E are
given as all sequences
x → y → z→ Σx
isomorphic in E to basic distinguished triangles.
2.24 Lemma. Given a Frobenius pair E = (E ,E0), the inclusion i : E0 ,→ E induces a fully faithful and
exact functor i : E0 ,→E
Proof. The functor i is well-defined as the inclusion i maps the projective-injective objects of E0 to
the projective-injective objects of E . It is full because i is so. In order to check faithfulness, let f ∈
HomE0(a, b) and assume i( f ) = 0, i.e. i( f ) factors as i(a) → x → i(b) for some projective-injective
object x of E . Let a ,→ y be an inflation in E0 with y injective. As i preserves projective-injective
objects and is exact, we get a commutative diagram
i(a) // p
""❉
❉❉
❉❉
❉❉
❉
x // i(b)
i(y)
OO
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where the dotted arrow exists because of the injectivity of x . We therefore see that we can write i( f ) as
a composition i(a)→ i(y)→ i(b). As i was fully faithful, it follows that we can write f as a composition
a→ y → b, from which we see that f = 0, as y was injective.
The exactness of i is a direct consequence of the assumption that i is exact and preserves projective-
injective objects.
Lemma 2.24 tells us that we can view E0 as a triangulated subcategory of E .
2.25 Definition (see [Sch06, Definition 3.5]). The derived category of a Frobenius pair E = (E ,E0) is
defined as the Verdier quotient
D(E) := E/E0 .
2.26 Example (see [Sch06, Section 5.3]). Let E be an exact category and consider the category Chb(E )
of chain complexes in E . The category Chb(E ) can be made into an exact category, if we let the
conflations be those short exact sequences of chain complexes that split in every degree (the splittings
need not be compatible with the differentials). In that case, Chb(E ) becomes a Frobenius category,
where the projective-injective objects are given as the contractible complexes. Therefore, Chb(E ) =
Kb(E ), the usual bounded homotopy category of E . If Acb(E )⊂ Chb(E ) denotes the full subcategory of
complexes homotopy equivalent to an acyclic complex, then Chb(E ) := (Chb(E ),Acb(E )) is a Frobenius
pair and we have
D(Chb(E )) = Kb(E )/Acb(E ) = Db(E ) ,
the usual bounded derived category of E .
The notion of tensor Frobenius pair is a symmetric monoidal variation on the definition of a Frobe-
nius pair.
2.27 Definition (see Definition A.18 ). A tensor Frobenius pair is the datum of a triple E = (E ,E0,⊗)
such that:
(i) (E ,E0) is a Frobenius pair.
(ii) (E ,⊗) is a symmetric monoidal category.
(iii) For all objects a ∈ E , the functor a⊗− is exact, i.e. it preserves conflations.
(iv) For all objects a ∈ E , the functor a⊗− preserves the projective/injective objects of E .
(v) E0 is a ⊗-ideal in E .
(vi) For two inflations a֌ a′ and b֌ b′, the canonical map
a′ ⊗ b
∐
a⊗b
a⊗ b′→ a′ ⊗ b′
is an inflation.
2.28 Notation. We will omit the symbol ⊗ for the tensor product from the notation for a tensor Frobe-
nius pair when there is no danger of confusion.
2.29 Lemma. Let A = (A ,A0) be a tensor Frobenius pair. Then D(A) inherits the structure of a tensor
triangulated category and the localization functor q :A → D(A) is a tensor functor.
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Proof. As A0 is a tensor ideal, the triangulated subcategory A0 is a tensor ideal in A and thus the
quotient A /A0 is a tensor triangulated category where the tensor product ⊗
L is induced from the one
on A . Indeed, ⊗L makes D(A) a symmetric monoidal category, where the associativity, commutativity
and unit natural isomorphisms are given as the images of the ones of (A ,⊗) under the functor A →
D(A). The functors a ⊗L − are exact for all objects a of D(A) since the definition of tensor Frobenius
pair guarantees that a⊗− is a map of Frobenius pairs for all objects a ofA . These maps always induce
exact functors on the derived categories (cf. [Sch06, Section 3.5]).
2.30 Example. Let X be a non-singular, separated scheme of finite type over a field. Consider the Frobe-
nius pair (sPerf(X ), asPerf(X )), where sPerf(X ) denotes the exact category of strict perfect complexes on
X with conflations the degree-wise split ones and asPerf(X ) is the subcategory of acyclic complexes (see
Definition 6.1). In Section 6 we will see that this is a tensor Frobenius pair with respect to the usual
tensor product of chain complexes, with derived category Dperf(X ).
2.31 Example. Let G be a finite group, k be a field such that char(k) divides |G| and let kG-mod be
the category of finitely generated kG-modules, which is a Frobenius category as kG is a self-injective
ring. Denote by kG-proj the subcategory of projective modules, then (kG-mod, kG-proj) is a Frobenius
pair. It is also a tensor Frobenius pair with respect to the tensor product of modules ⊗k and its derived
category is kG-stab, the stable category of the Frobenius category kG-mod.
2.32 Corollary. Let A = (A ,A0,⊗) be a tensor Frobenius pair and let J ⊂ D(A) be a tensor ideal. Let
B ⊂A be the full subcategory of those objects that become isomorphic to an object of J after passing to
D(A). Then B := (B ,A0) is a Frobenius pair and C := (A ,B ,⊗) is a tensor Frobenius pair, with derived
categories D(B) = J and D(C) = D(A)/J .
Proof. From [Sch06, Section 5.2], we already know that (B ,A0) and (A ,B) are Frobenius pairs with
corresponding derived categories J and D(A)/J . The fact that C is a tensor Frobenius pair follows
since the localization functor A → D(A) is a tensor functor and the preimage of a tensor ideal under
such a functor is again a tensor ideal.
2.3.2 Models for idempotent completion.
If T = D(A) for a given tensor Frobenius pair A= (A ,A0), we would like to find a tensor Frobenius pair
that models the idempotent completion T ♮. In order to do so, we need the countable envelope CA =
(CA ,CA0), which is a tensor Frobenius pair associated to A and whose construction is discussed in
Appendix A. The idea is to first embed D(A) into D(CA), the derived category of the countable envelope
of A (see Theorem A.21), which has countable copdroducts and is therefore idempotent complete. Then
one takes thick closures. Let us give some more details.
The embedding A→ CA (see Remark A.8) induces a fully faithful embedding
D(A)→ D(CA)
(see [Sch06, Proposition 4.4]). In particular we can view D(A) as a triangulated subcategory of D(CA)
and consider its thick closure D(A) ⊂ D(CA) which is a triangulated subcategory as well. By [Sch06,
Section 5.2], D(A) admits a Frobenius model A♮ given as follows: if B is the full subcategory of CA
that consists of objects that are isomorphic to objects of D(A) in D(CA), then we put A♮ = (B ,CA0).
2.33 Lemma. Assume that A is a tensor Frobenius pair. Then the Frobenius pair A♮ is a tensor Frobenius
pair, with the tensor structure inherited from the one of CA.
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Proof. According to Theorem A.21, CA is naturally a tensor Frobenius pair. The Frobenius pair A♮ is
given as (B ,A0), whereB is the full subcategory of CA that consists of objects that are isomorphic to
objects of D(A) in D(CA). From this perspective, it is clear that all we have to prove is that B is closed
under taking ⊗CA -products.
To do this, notice that by Proposition A.13, the embedding D(A)→ D(CA) preserves tensor products,
and therefore D(A) is closed under ⊗CA -products when we consider it as a triangulated subcategory of
D(CA). Now, take two objects A,B of B ⊂A and denote by L : CA → D(CA) the localization functor
given as the composition
CA → CA → CA /CA0 = D(CA) .
The functor L preserves tensor products since both functors in the composition do. By definition of
thick closure there exist two objects A′,B′ ∈ B such that L(A)⊕ L(A′) ∈ D(A) and L(B)⊕ L(B) ∈ D(A).
Thus  
L(A)⊕ L(A′)

⊗D(FA)
 
L(B)⊕ L(B′)
∼=
∼=

L(A)⊗D(FA) L(B)

⊕

L(A)⊗D(FA) L(B
′)

⊕

L(B)⊗D(FA) L(A
′)

⊕

L(B)⊗D(FA) L(B
′)

which shows that L(A)⊗D(CA) L(B) = L(A⊗CA B) is isomorphic to a direct summand of an object in D(A)
and proves that A⊗CA B ∈B .
2.34 Lemma. The category D

A♮

realizes the idempotent completion (D(A))♮ as a tensor triangulated
category.
Proof. This follows as D(CA) is idempotent complete (since it has countable coproducts by [Sch06,
Proposition 4.4]) and D

A♮

is the thick closure of D(A) in D(CA). The equivalence is explicitly given
by sending a pair (a, e) in D (A)♮, with a an object of D (A) and e : a→ a an idempotent endomorphism,
to im(e) ∈ D

A♮

. We see that this equivalence preserves the tensor product, as the embedding D (A)→
D

A♮

preserves tensor products by Proposition A.13.
2.35 Lemma. The assignment A 7→ A♮ is functorial for maps of Frobenius pairs.
Proof. The assignment A 7→ CA is functorial (see [Sch06, Definition 4.3]) and so a map of Frobenius
pairs m : A→ B gives a map Cm : CA→ CB. By the additivity of Cm it follows that its restriction to A♮
maps into B♮ which proves the lemma.
As a consequence of Lemma 2.34, we now have a Frobenius model for (D(A))♮ at our disposal.
2.4 Higher and negative algebraic K-theory of a Frobenius pair
Let A = (A ,A0) be a Frobenius pair. In [Sch06, Section 11], Schlichting defines a K-theory spectrum
K(A) for A that we will use in the following. The associated K-groups of A are given as follows (see
[Sch06, Theorem 11.7]):
• For i > 0, the groupsKi(A) are theWaldhausen K-groups of A. That is, we makeA into a category
with cofibrations and weak equivalences by declaring the cofibrations to be the inflations of A
and the weak equivalences those morphisms that become isomorphisms in D(A). Then Ki(A) is
the i-th Waldhausen K-group KW
i
(A ) of the category with cofibrations and weak equivalences A .
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• K0(A) = K0

D(A)♮

.
• For i < 0 one defines Ki(A) as follows: Let S0A denote the full subcategory of CA consisting of
all objects in the kernel of the Verdier quotient functor
D(CA)→ D(CA)/D(A) .
The suspension SA of A is defined as the Frobenius pair (CA , S0A), and for n ≥ 1, S
nA denotes
the Frobenius pair obtained from A by applying the suspension construction n times. For i < 0,
Schlichting (see [Sch06, Definition 4.7]) defines
Ki(A) := K0(S
−iA) .
One then obtains long exact localization sequences. Let
B→ A→ C
be an exact sequence of Frobenius pairs, i.e. one such that the induced sequence
D(B)→ D(A)→ D(C)
is exact up to factors: the composition is zero, the functor D(B)→ D(A) is fully faithful and the induced
functor
D(A)/D(B)→ D(C)
is cofinal. Then we obtain a long exact localization sequence
· · · →Kp(B)→Kp(A)→Kp(C)→Kp−1(B)→ ·· ·
for all p ∈ Z (see [Sch06, Theorem 11.10]).
2.36 Remark. Assume that T = D(A) for a tensor Frobenius pair A, such that T is a tensor triangulated
category. Let J ⊂ T be a tensor ideal. Corollary 2.32 and Lemmas 2.33 and 2.34 provide models for B
and C for J and (T /J )♮, respectively. The sequence of Frobenius pairs
B→ A→ C
induces the sequence of derived categories
J → T → (T /J )♮
which is exact up to factors. This gives us a long exact sequence in K-theory
· · · →Kp(B)→Kp(A)→ Kp (C)→Kp−1(B)→ ·· · .
2.37 Remark. An application of the localization sequence implies the following: if we are given two
Frobenius pairs with equivalent derived categories, and the equivalence is induced by a functor on the
level of Frobenius pairs (which need not be an equivalence), then the K-groups arising from the two
different models will be isomorphic. This is why we informally think of the K-theory of the Frobenius
pair A as the K-theory of the triangulated category D(A). One must be careful though: it is not true that
any model of D(A) yields the same K-theory (see [Sch02]).
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3 K-theory sheaves on the spectrum
Let us start by proving a basic but useful lemma. Notice first that any dimension function on a tensor
triangulated category T induces a dimension function on T ♮, as the inclusion T ,→ T ♮ induces a
homeomorphism of spectra (see Example 2.5).
3.1 Lemma. Let T be an essentially small tensor triangulated category that is equipped with a dimension
function dim. Then for all l ∈ Z, the subcategory
T(l) ⊂

T ♮

(l)
is dense. Therefore the inclusion induces an equivalence
T(l)
♮ ∼= T ♮
(l)
.
Proof. As T is dense in T ♮, for every object a ∈ T ♮, a⊕Σ(a) ∈ T . Indeed, this follows by Thomason’s
classification of dense subcategories (see [Tho97]) which gives
T =
¦
a ∈ T ♮ : [a] ∈ K0(T )⊂ K0

T ♮
©
.
Given b ∈

T ♮

(l)
, we have Σ(b) ∈

T ♮

(l)
as well and by our previous argument b⊕Σ(b) ∈ T . As
dim(supp(b⊕Σ(b))) = dim(supp(b)∪ supp(Σ(b))) = dim(supp(b))≤ l ,
it follows that b⊕Σ(b) ∈ T(l). This shows that every object of

T ♮

(l)
is a direct summand of an object
of T(l) and therefore proves the claim.
Before we define K-theory sheaves on Spc(T ) we fix some assumptions on T that we will need for
the rest of the article.
3.2 Convention. From now on we fix a tensor Frobenius pair A = (A ,A0,⊗) and let T = D(A). We
assume T to be essentially small, rigid, equipped with a dimension function dim and such that Spc(T )
is noetherian. We also implicitly assume that whenever we look at a Verdier quotient T /TZ of T by a
thick ⊗-ideal TZ , the category T /TZ is equipped with the dimension function dim |U as in Construction
2.16. In this situation, we will denote by TU the category (T /TZ)
♮.
3.3 Definition. For any p ∈ Z≥0, l ∈ Z, the sheaf K
(l)
p
on SpcT is defined as the sheaf associated to
the presheaf
U 7→Kp

(AU)(l)

for an open U ⊂ Spc(T ) with complement Z . Here, (AU)(l) is the Frobenius pair obtained from A
by subsequently taking models for the Verdier quotient T /TZ , then for the triangulated subcategory 
T /TZ

(l) and finally for the idempotent completion
 
T /TZ

(l)
♮ ∼=  TU(l) (by Lemma 3.1), as
described in Section 2.3. By construction, we then have
D((AU)(l)) =
 
TU

(l) .
The restriction map K (l)
p
(U) → K (l)
p
(V ) for two opens V ⊂ U ⊂ Spc(T ) with complements W ⊃ Z
respectively is induced in the following way: the Frobenius pair that models
 
T /TZ

(l) is given by
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(A U
(l)
,AZ ), where AZ is the full subcategory of A consisting of those objects that become isomorphic
to objects of TZ in D(A) and A
U
(l)
is the full subcategory of A consisting of those objects that become
isomorphic to objects of
 
T /TZ

(l) in D((A ,AZ )) = T /TZ . Using Lemma 2.17, we see that there is a
map of Frobenius pairs
(A U
(l)
,AZ)→ (A
V
(l)
,AW )
given by inclusion. After applying idempotent completion as in Lemma 2.35 we obtain a map of Frobe-
nius pairs
(AU)(l) → (AV )(l)
which induces the restriction map.
Similarly for any p ∈ Z≥0, l ∈ Z, we define the sheavesK
(l/l−1)
p
on Spc(T ) as the sheaves associated
to the presheaves
U 7→ Kp

(AU)(l)/(l−1)

for an open U ⊂ Spc(T ) with complement Z . Here, (AU)(l)/(l−1) is the Frobenius pair associated to the
subquotient

(TU)(l)/(TU)(l−1)
♮
of T , given as (A U
(l)
,A U
(l−1)
)♮. By construction,
D

A U
(l)
,A U
(l−1)

∼=
 
T /TZ

(l) /
 
T /TZ

(l−1)
and thus we indeed have
D

A U
(l)
,A U
(l−1)
♮
∼=
 
T /TZ

(l) /
 
T /TZ

(l−1)
♮
∼=
 
T /TZ
♮
(l)
/
 
T /TZ
♮
(l−1)
♮
∼=

(TU)(l)/(TU )(l−1)
♮
by [Bal07, Proposition 1.13] and Lemma 3.1. For an open V ⊂ U , there is a map of Frobenius pairs
A U
(l)
,A U
(l−1)

→

A V
(l)
,A V
(l−1)

given by inclusion. Again, after applying idempotent completion as in Lemma 2.35 we obtain a map of
Frobenius pairs
(AU)(l)/(l−1) → (AV )(l)/(l−1)
which induces the restriction map.
The next result is a key instrument for the constructions of the following sections, as it shows that
we can use the sheaves K (l/l−1)
p
to calculate cohomology.
3.4 Proposition. For any p ∈ Z≥0, l ∈ Z, the sheaves K
(l/l−1)
p
are flasque.
Proof. We show that the presheaf
U 7→ Kp

(AU)(l)/(l−1)

is already a sheaf and that it is flasque. The main point here is that the equivalence
(TU)(l)/(TU )(l−1)
♮ ∼= ∐
Q∈U
dim(Q)=l
Min(TQ) (1)
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from Theorem 2.14 is induced on the level of Frobenius models.
For Q ∈ U , dim(P) = l, the Frobenius pair associated to Min(TQ) is constructed as follows: we
let AQ ⊂ A be the full subcategory of those objects becoming isomorphic to objects of Q ⊂ T in
D(A) = T . Let AMin ⊂ A be the full subcategory of objects that become isomorphic to objects with
minimal support in D

(A ,AQ)

= T /Q. The Frobenius model we use for Min(TQ) is then given as
(AMin,AQ)
♮ which we will denote by MinQ. Indeed, by construction we have
D

MinQ

= D

(AMin,AQ)
♮

∼= (Min(T /Q))♮ ∼=Min(TQ) .
The last equivalence follows by Lemma 3.1 as Min(T /Q) = (T /Q)(n), where n ∈ Z is the dimension of
the unique closed point of T /Q.
There is an inclusion A U
(l−1)
⊂AQ (see Definition 3.3) by [Bal07, Prop. 3.21]. We also have A
U
(l)
⊂
AMin which implies that we get a map of Frobenius pairs
(A U
(l)
,A U
(l−1))→ (AMin,AQ)
for all Q ∈ U , given by inclusion. After idempotent completion we obtain maps
(AU )(l)/(l−1) →MinQ
and the sum of these maps for all P ∈ U
εU : (AU)(l)/(l−1) →
∐
Q∈U
dim(Q)=l
MinQ
induces the equivalence (1) on the derived categories.
As a consequence, we see that the sheaf K (l/l−1)
p
is given as the sheafification of the presheaf
U 7→
∐
Q∈U
dim(Q)=l
Kp

MinQ

.
Now, for two opens V ⊂ U consider the diagram
(AU)(l)/(l−1)
εU

res // (AV )(l)/(l−1)
εV
∐
Q∈U
dim(Q)=l
MinQ
π // ∐
Q∈V
dim(Q)=l
MinQ
where res is the restriction functor from Definition 3.3 and π is the canonical projection. One checks
that this square is commutative. The maps εU and εV become equivalences on the corresponding
derived categories and therefore Kp(εU),Kp(εV ) become isomorphisms and the square commutes after
applying Kp(−). It follows that the restriction maps of the presheaf
U 7→
∐
Q∈U
dim(Q)=l
Kp

MinQ

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are given as the canonical projections.
We now show that this presheaf is already a sheaf (and will therefore coincide with K (l/l−1)
p
): from
the nature of the restriction maps, it is clear that an element of the group Kp

AU)(l)/(l−1)

with trivial
restriction to an open cover must be trivial on U . Furthermore, if we are given an open covering
U =
⋃
i∈I
Vi and si ∈ Kp

(AVi )(l)/(l−1)

with compatible restrictions to the mutual intersections, we can
glue them together to an element s ∈ Kp

AU)(l)/(l−1)

: from the si we know what the germ sP of s at
P should be for every P ∈ U . In order to check that there are only finitely many non-zero sP ’s, we use
that Spc(T ) was assumed to be noetherian and thus finitely many Vi1 , . . . ,Vin suffice to cover U . By
definition, (si j )P = 0 for all but finitely many P ∈ Vi j for j = 1, . . . ,n. This implies that sP = 0 for all but
finitely many P ∈ U and thus s ∈ Kp

AU)(l)/(l−1)

as desired.
The flasqueness of K (l/l−1)
p
now follows directly, as its restriction maps coincide with those of the
presheaf, and these are clearly surjective.
4 Triangulated Gersten conjecture and triangulated Bloch formula
4.1 The triangulated Gersten conjecture
We stick to our assumptions from Convention 3.2. For any l ∈ Z and U ⊂ Spc(T ) we have a sequence
of Frobenius pairs
(AU)(l−1) → (AU)(l) → (AU)(l)/(l−1)
which induces a sequence of tensor triangulated categories
(TU)(l−1) ,→ (TU)(l) →

(TU)(l)/(TU )(l−1)
♮
that is exact up to factors. Therefore we obtain localization sequences
· · · →Kp

(AU)(l)

→Kp

(AU)(l)/(l−1)

→Kp−1

(AU )(l−1)

→ ·· ·
which, by applying sheafification, give us a long exact sequence of sheaves
· · · → K (l−1)
p
→K (l)
p
→K (l/l−1)
p
→K
(l−1)
p−1 → ·· · . (2)
4.1 Definition. We say that the triangulated Gersten conjecture holds for the Frobenius pair A (see Conven-
tion 3.2) in bidegree (l, p) for (l, p) ∈ Z2 if in the above long exact sequence (2), the mapK (l−1)
p
→K (l)
p
vanishes.
4.2 Remark. Whether the triangulated Gersten conjecture holds for A might depend on the choice of
dimension function for T .
4.3 Remark. As we will see in Lemma 6.5, the triangulated Gersten conjecture can be viewed as a
generalization of the usual Gersten conjecture from algebraic K-theory. Let us recall its statement:
Conjecture (Gersten). Let X be the spectrum of a regular local ring R. Let Ml(X ) denote the category
of coherent sheaves on X with codimension of support ≥ l with associated Quillen K-groups Kp(Ml(X ))
for p ≥ 0. Then the maps
Kp(Ml+1(X ))→ Kp(Ml(X ))
induced for all p ≥ 0 by the inclusion Ml+1(X )→Ml(X ) vanish.
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The conjecture was proved by Quillen in [Qui73] for the case that R is a finitely generated algebra
over a field, and later Panin [Pan03] removed the finite generation hypothesis. Quillen uses his result in
[Qui73] to prove the Bloch formula, which identifies the Chow groups of a non-singular variety X with
certain cohomology groups of K-theory sheaves on X . We will use the triangulated Gersten conjecture
for a similar purpose in Theorem 4.8. If we pass to sheafified Quillen G-theory on X , the conjecture is
equivalent to the vanishing of maps in the localization sequence associated to the coniveau filtration,
similar to the requirement in Definition 4.1.
4.4 Remark. If A satisfies the triangulated Gersten conjecture in bidegrees (l, p) and (l, p− 1), then the
long exact sequence (2) contains the short exact sequence
0→K (l)
p
→K (l/l−1)
p
→K (l−1)p−1 → 0 . (3)
4.2 The triangulated Bloch formula
For any essentially small tensor triangulated category L equipped with a dimension function and l ∈ Z,
we can define sheaves of Grothendieck groups on Spc(L ) as follows: let F l(L ) denote the sheaf
associated to the presheaf
U 7→ K0

(LU )(l)

)
and let F l/l−1(L ) denote the sheaf
U 7→ K0

(LU )(l)/(LU )(l−1)
♮
so that we have F l(D(A)) = K (l)0 and F
l/l−1(D(A)) = K (l/l−1)0 as special cases (see Definition 3.3).
Note that for F l/l−1(L ), we don’t need to sheafify by Proposition 3.4. There is also a map of sheaves
β :F l(L )→F l/l−1(L ) (4)
which is obtained as the sheafification of a map of presheaves β ′ induced by the composition of the
Verdier localization functor and the inclusion into the idempotent completion:
β ′(U) : K0

(LU )(l)

)→ K0

(LU )(l)/(LU )(l−1)

,→ K0

(LU)(l)/(LU )(l−1)
♮
.
For L = D(A), the map β is the one of the localization sequence (2). We will be interested in the group
of global sections
Γ(im(β))⊂ Γ

F l/l−1(L )

= K0

(L(l)/L(l−1))
♮

= Z∆
l
(L ) , (5)
where Z∆
l
(L ) is the dimension l tensor triangular cycle group of L from Definition 2.20. The image of
the map of presheaves β ′ on the level of global sections is the subgroup
Γ(im(β ′)) = K0

L
♮
(l)
/L
♮
(l−1)

⊂ K0

(L(l)/L(l−1))
♮

.
As the presheaf im(β ′) is separated (it is, after all, a sub-presheaf of a sheaf), the natural map im(β ′)→
im(β) from presheaf to sheafification is injective and thus we have an inclusion
j : Γ(im(β ′)) = K0

L
♮
(l)
/L
♮
(l−1)

,→ Γ(im(β)) (6)
as well. Let i : K0(L
♮
(l)
) → K0(L
♮
(l+1)
) be the map induced by the inclusion and φ : K0(L
♮
(l)
) →
K0(L
♮
(l)
/L
♮
(l−1)
) be the map induced by the Verdier quotient functor.
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4.5 Definition. The l-dimensional ∩-cycle group of L is defined as the group
∩Z
∆
l
(L ) := Γ(im(β))⊂ Z∆
l
(L ) .
The l-dimensional ∩-Chow group L is defined as the quotient
∩CH
∆
l
(L ) := ∩Z
∆
l
(L )/ j ◦φ(ker(i)) .
4.6 Remark. We will see in Theorem 4.8 that these ∩-Chow groups show up in the cohomology of the
sheaf K (0)
p
(see Definition 3.3). From Definition 2.20, it also follows that
∩CH
∆
l
(L )⊂ CH∆
l
(L ) .
When L
♮
(l)
/L
♮
(l−1)
is idempotent complete already, it follows from (6) that
∩Z
∆
l
(L ) = Z∆
l
(L ) and ∩CH
∆
l
(L ) = CH∆
l
(L ) .
4.7 Example. Let X be a non-singular separated scheme of finite type over a field and L = Dperf(X ),
the derived category of perfect complexes equipped with the opposite of the codimension of support as
a dimension function. By Theorem 2.21 we have that Z∆−n(L )
∼= Zn(X ) and CH∆−n(L )
∼= CHn(X ) for
all n ∈ Z. In this case we also have isomorphisms ∩Z
∆
−n(L )
∼= Z∆−n(L ) and ∩CH
∆
−n(L )
∼= CH∆−n(L ) by
Remark 4.6 (see also Lemma 6.6).
We now assume that the dimension function dim for T = D(A) is given as the opposite of the Krull
codimension and furthermore, that the triangulated Gersten conjecture holds for A and for this choice
of dimension function in bidegrees (i, j) with −p− 2 ≤ i ≤ 0 and −1 ≤ j ≤ p. Splicing the short exact
sequences (3) together yields a partial flasque resolution of the sheaf K (0)
p
K (0)
p
→K (0/−1)
p
→ ·· · →K
(−p+1/−p)
1
δ1
−→K
(−p/−p−1)
0
δ0
−→K
(−p−1/−p−2)
−1 (7)
that we can use to calculate its cohomology.
4.8 Theorem (Triangulated Bloch formula). Assume that the dimension function dim for T is given as
the opposite of the Krull codimension and that the triangulated Gersten conjecture holds for A and for this
choice of dimension function in bidegrees (i, j) with −p − 2 ≤ i ≤ 0 and −1 ≤ j ≤ p. Then we have
isomorphisms
∩CH
∆
−p(T )
∼= Hp(Spc(T ),K (0)p )
for all p ∈ Z.
Proof. We will use the partial flasque resolution (7) of K (0)
p
to calculate the group Hp(Spc(T ),K (0)
p
).
The maps
K
(−p+1/−p)
1 →K
(−p/−p−1)
0 →K
(−p−1/−p−2)
−1
are spliced together from the exact sequences (3) in the following way:
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0

0 // K (−p+1)1
// K (−p+1/−p)1
α //
δ1 &&▼▼
▼▼
▼▼
▼▼
▼▼
K
(−p)
0
//
β

0
K
(−p/−p−1)
0
γ

δ0
''◆◆
◆◆
◆◆
◆◆
◆◆
◆
0 // K (−p−1)−1

ε
// K (−p−1/−p−2)−1
0
In order to calculate cohomology, we apply the global section functor. As taking global sections is a
left-exact functor, Γ(ε) is injective and so we have that
ker(Γ(δ0)) = ker(Γ(γ)) = Γ(ker(γ)) = Γ(im(β)) = ∩Z
∆
−p(T ) ,
again by left-exactness of the global section functor.
Recall that the maps α,β are given as sheafifications of maps α′,β ′ between the corresponding
presheaves. By the functoriality of sheafification it follows that β ◦α is given as the sheafification of the
composition β ′ ◦ α′. But β ′ ◦ α′ is already a map of sheaves and we therefore have that β ◦ α = β ′ ◦α′.
The map Γ(β ◦α) is therefore given as the composition of the maps
ψ :K1

(AX )(−p+1)/(−p)

→ K0

T
♮
(−p)

with X = Spc(T ) and
φ : K0

T
♮
(−p)

→ K0

T
♮
(−p)
/T
♮
(−p−1)

from the corresponding localization sequences. By the exactness of the localization sequence, im(ψ) =
ker(i) with
i : K0

T
♮
(−p)

→ K0

T
♮
(−p+1)

as in Definition 4.5. Thus, we obtain im(Γ(β ◦ α)) = φ(ker(i)).
By our previous calculations we conclude that
Hp(Spc(T ),K (0)
p
) = ker(Γ(δ0))/ im(Γ(δ1))
= ∩Z
∆
−p(T )/ j ◦φ(ker(i))
= ∩CH
∆
−p(T )
which was to be shown.
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4.9 Remark. From the proof of Theorem 4.8, we can get a simpler definition of ∩Z
∆
−p(T ), not using
K-theory sheaves. Namely, we see that the map of sheaves
ε ◦ γ :K
(−p/−p−1)
0 →K
(−p−1/−p−2)
−1
can be computed on global sections as the composition of the maps
γ′ : K0

T(−p)/T(−p−1)
♮
→K−1

(AX )(−p−1)

with X = Spc(T ) and
ε′ :K−1

(AX )(−p−1)

→K−1

(AX )(−p−1)/(−p−2)

,
both coming from the corresponding long exact localization sequences. We therefore see that
∩Z
∆
−p(T ) = Γ(im(β)) = (γ
′)−1(ker(ε′)) .
This reformulation of Definition 4.5 has the disadvantage that it needs tensor Frobenius pairs in order
to talk about K−1 and it is not immediately visible that it is actually independent of a choice of such a
tensor Frobenius pair.
5 The intersection product
Recall our assumptions for T from Convention 3.2. We now let dim be the opposite of the Krull
codimension and require furthermore that the triangulated Gersten conjecture holds for A in bidegrees
(i, j) with −p− 2≤ i ≤ 0 and −1≤ j ≤ p.
First, let us recall a general well-known fact about cup products in sheaf cohomology (see [Bre67,
Theorem 7.1 and Proposition 7.2]). Let X be a topological space and F ,G be sheaves of abelian groups
on X . Then there exists a unique associative bilinear product
∪ : Hp(X ,F )×Hq(X ,G )→ Hp+q(X ,F ⊗Z G )
for all p,q ∈ Z≥0 such that for p = q = 0, the product is the one induced by the tensor product
Γ(X ,F )× Γ(X ,G )→ Γ(X ,F ⊗G ) and the axioms of [Bre67, Theorem 7.1] are satisfied. The product
∪ is called the cup product.
An application of Theorem 4.8 then yields the following:
5.1 Corollary. Under the assumptions of Theorem 4.8 and for p,q ∈ Z≥0 there are bilinear maps
∩CH
∆
−p(T )× ∩CH
∆
−q(T )→ H
p+q

Spc(T ),K (0)
p
⊗ZK
(0)
q

.
In order to construct the intersection product, we need a map K (0)
p
⊗Z K
(0)
q
→ K (0)p+q, which will
then induce the product map
Hp+q(Spc(T ),K (0)
p
⊗ZK
(0)
q
)→ Hp+q(Spc(T ),K (0)p+q) = ∩CH
∆
−p−q(T )
It will be derived from a bilinear map on Waldhausen K-theory induced by the tensor product.
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5.2 Lemma. Let A = (A ,A0,⊗) be a tensor Frobenius pair. If we consider A as a Waldhausen category,
then ⊗ is a biexact functorA ×A →A in the sense of [Wal85, Section 1.5].
Proof. By assumption, a ⊗− is an exact functor for all objects a of A which implies that it preserves
cofibrations, as those are just the inflations. Let f : x → y be a weak equivalence, i.e. a map that
becomes an isomorphism after passing to D(A). This means that the object cone( f ) ofA is inA0. AsA0
is a tensor ideal inA and passing fromA to the stable categoryA preserves tensor products, it follows
that ida ⊗ f is an isomorphism in D(A) as well. Therefore a⊗− preserves weak equivalences. Finally,
it is proved in [Büh10, Proposition 5.2] that exact functors of exact categories preserve pushouts along
inflations, which in our case means that pushouts along weak equivalences are preserved. Therefore,
the functors a⊗− (and by symmetry −⊗ a) are exact in the sense of Waldhausen (see [Wal85, Section
1.5]).
It remains to check that ⊗ satisfies the “more technical condition” of [Wal85, Section 1.5]. This
asserts that for two cofibrations α : a֌ a′,β : b֌ b′ in the diagram
a⊗ b //
α⊗idb //

ida⊗β

a′⊗ b
 ida′⊗β

a⊗ b′ //
α⊗idb′ ..
a′ ⊗ b
∐
a⊗b
a⊗ b′
φ
&&
a′⊗ b′
the arrow φ is a cofibration, i.e. an inflation. This is exactly axiom (vi) of Definition 2.27.
A biexact functor ⊗ :A ×A →A in the above sense gives rise to bilinear maps
Kp(A)⊗ZKq(A)→Kp+q(A)
for all p,q ≥ 0 (see [Wal85, Section 1.5]). In particular, we obtain maps
Kp(AU )⊗ZKq(AU)→Kp+q(AU )
as AU := (AU)(0) inherits the structure of a tensor Frobenius pair from A by Corollary 2.32 and
Lemma 2.33. These maps sheafify to
K (0)
p
⊗ZK
(0)
q
→K (0)p+q.
and give us
Hp+q

Spc(T ),K (0)
p
⊗ZK
(0)
q

→ Hp+q

Spc(T ),K
(0)
p+q

= ∩CH
∆
−p−q(T ) (8)
for all p,q ≥ 0.
5.3 Definition. Let A be a tensor Frobenius pair with derived category T that satisfies the assumptions
of Theorem 4.8. For p,q ∈ Z≥0, the intersection product is the bilinear map
α : ∩CH
∆
−p(T )⊗ ∩CH
∆
−q(T )→ ∩CH
∆
−p−q(T )
that arises as the composition of the map in Corollary 5.1 and in (8).
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5.4 Remark. While the groups ∩CH
∆
n
(T ) only depend on D(A) = T , the product α of Definition 5.3
might depend on the whole model A.
5.5 Remark. Let A,B be two tensor Frobenius pairs satsifying the assumptions of Theorem 4.8 and
F : A → B a map of tensor Frobenius pairs (i.e. a map of Frobenius pairs that respects the tensor
products up to natural isomorphism) such that the induced maps on the derived categories has relative
dimension 0 (see [Kle14, Definition 4.1.1]), i.e. D(F)(D(A)(p)) ⊂ D(B)(p) for all p ∈ Z≥0. Then F
induces maps
∩CH(F)−p : ∩CH
∆
−p (D(A))→ ∩CH
∆
−p (D(B))
for all p ∈ Z≥0 and there is a commutative diagram
∩CH
∆
−p (D(A))× ∩CH
∆
−q (D(A))
αA //
∩CH(F)−p×∩CH(F)−q

∩CH
∆
−p−q (D(A))
∩CH(F)−p−q

∩CH
∆
−p (D(B))× ∩CH
∆
−q (D(B))
αB //
∩CH
∆
−p−q (D(B))
with αA,αB the respective products from Definition 5.3. In this sense, the construction is functorial.
5.6 Remark. The author expects that properties of the product in Waldhausen K-theory and the cup
product in sheaf cohomology as in Corollary 5.1 imply that the intersection product from Definition 5.3
makes ⊕
p≥0
∩CH
∆
−p(T )
a graded-commutative ring with unit the class of I in ∩CH
∆
0
(T ).
If G = Z/2Z× Z/2Z and k is an algebraically closed field of characteristic 2, the results in [Kle14,
Section 6.4] show that ⊕
p≥0
∩CH
∆
−p(kG-stab) = Z/2Z⊕Z/2Z .
The only possible commutative unital ring structure on this group, that also has a nilpotent element
is (Z/2Z)[ε]/(ε2). Thus, if the above assumption holds true, any choice of tensor Frobenius pair with
derived category kG-stab that satisfies the triangulated Gersten conjecture in the relevant degrees (if it
exists) must yield the same intersection product.
6 Example: strict perfect complexes on a non-singular algebraic
variety
We now introduce the main example of Definition 5.3 which justifies the name “intersection product”.
Let X be a non-singular separated scheme of finite type over a field. Recall that a strict perfect complex
on X is a bounded complex of locally free OX -modules of finite rank.
6.1 Definition. Let sPerf denote the category of strict perfect complexes on X endowed with the follow-
ing structure of exact category: a sequence of strict perfect complexes
F •→G •→H •
is a conflation if it is degree-wise a split exact sequence. We denote the full subcategory of acyclic strict
perfect complexes by asPerf.
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6.2 Lemma. The triple sPerf= (sPerf, asPerf,⊗OX ) is a tensor Frobenius pair.
Proof. For an exact category E , let Chb(E ) denote the exact category of all bounded chain complexes
over E , with the conflations defined as the degree-wise split exact sequences. Let Acb(E ) ⊂ Chb(E )
denote full subcategory of acyclic complexes. In [Sch06, Section 5.3], it is shown that (Chb(E ),Acb(E ))
is a Frobenius pair. Thus, when we consider the full subcategory of locally free sheaves of finite rank in
Coh(X ) as an exact category, it follows that (sPerf, asPerf) is a Frobenius pair.
It is clear that the tensor product of two strict perfect complexes is again strict perfect and as
tensoring with a strict perfect complex is an exact functor, it follows that asPerf is a ⊗OX -ideal. It
remains to check that the pushout product axiom of Definition A.18 holds true. Thus, let f : A• ֌ X•
and g : B• ֌ Y• be two inflations in sPerf. This means that for each i ∈ Z we have automorphisms
αi : X i → X i and βi : Yi → Yi such that αi ◦ fi is a split injection Ai ,→ Ai ⊕ Ci and βi ◦ gi is a split
injection Bi ,→ Bi ⊕ Di . The maps f ⊗ idB• and idA• ⊗g are given componentwise as
( f ⊗ idB•)k :
⊕
i+ j=k
Ai ⊗ B j →
⊕
i+ j=k
X i ⊗ B j
(idA• ⊗g)k :
⊕
i+ j=k
Ai ⊗ B j →
⊕
i+ j=k
Ai ⊗ Yj
and after post-composing with the isomorphisms consisting of diagonal matrices with entries αi ⊗ idB j
and idAi ⊗β j respectively, we obtain split injections⊕
i+ j=k
Ai ⊗ B j →
⊕
i+ j=k
(Ai ⊗ B j)⊕ (Ci ⊗ B j)
⊕
i+ j=k
Ai ⊗ B j →
⊕
i+ j=k
(Ai ⊗ B j)⊕ (Ai ⊗ D j) .
We see that therefore
(A• ⊗ Y•) ∐
A•⊗B•
(X• ⊗ B•)


k
∼=
⊕
i+ j=k
(Ai ⊗ B j)⊕ (Ai ⊗ D j)⊕ (Ci ⊗ B j)
Similarly, we see that
(X• ⊗ Y•)k
∼=
⊕
i+ j=k
(Ai ⊗ B j)⊕ (Ai ⊗ D j)⊕ (Ci ⊗ B j)⊕ (Ci ⊗ D j)
and the induced map 
(A• ⊗ Y•) ∐
A•⊗B•
(X• ⊗ B•)


k
−→ (X• ⊗ Y•)k
is given as the canonical inclusion, which is split. This shows that the pushout product axiom holds in
sPerf and finishes the proof of the lemma.
6.3 Lemma. The category D(sPerf) is equivalent to Dperf(X ) as a tensor triangulated category.
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Proof. The inclusion functor from the exact category of strict perfect complexes into the exact category
of perfect complexes induces an exact equivalence of derived categories between D(sPerf) and Dperf(X )
if X has an ample family of line bundles, as follows from [TT90, Proposition 2.3.1], as mentioned in the
proof of [TT90, Lemma 3.8]. As being noetherian, separated and regular already implies that X admits
an ample family of line bundles (see [BGI71, Corollaire 2.2.7.1]), our assumptions on X guarantee that
the inclusion is an equivalence. It is also a tensor functor as we can compute the derived tensor product
by tensoring with a quasi-isomorphic strict perfect complex.
6.4 Convention. For the remaining part of the section, we set T := sPerf and T := D(sPerf) ∼= Dperf(X ).
We fix the opposite of the codimension of support as a dimension function on T .
6.5 Lemma. The Frobenius pair sPerf satisfies the triangulated Gersten conjecture in bidegrees (l, p) for
l ≤ 0 and p ≥−1.
Proof. First, let us introduce some maps of exact sequences of Frobenius pairs, which will allow us to
ged rid of idempotent completions and work with complexes of coherent sheaves instead of perfect
ones.
For U ⊂ X open with complement Z , we start with
(TU)(l−1)
// (TU)(l) // (TU )(l)/(l−1)

sPerf U
(l−1), sPerfZ

//
OO

sPerf U
(l)
, sPerfZ

//
OO

sPerf U
(l)
, sPerf U
(l−1)

OO
(9)
in the notation of Definition 3.3, where the vertical arrows are given as the inclusion into the countable
envelope. Since X is regular, T /TZ is equivalent to D
b(Coh(U)) (see e.g. [Kle14, Section 3.2]), which
is already idempotent complete. Hence, the vertical arrows induce equivalences of the corresponding
derived categories since X is regular. Therefore they induce isomorphisms in K-theory.
For an abelian categoryA , define the Frobenius pair
Chb(A ) := (Chb(A ),Acb(A )) ,
where Chb(A ) is the category of bounded chain complexes in A and Acb(A ) is the full subcategory
of complexes homotopy equivalent to an acyclic chain complex. The conflations in Chb(A ) are by
definition the degree-wise split exact sequences. There is a map of exact sequences of Frobenius pairs

sPerf U
(l−1), sPerfZ


//

sPerf U
(l)
, sPerfZ


//

sPerf U
(l)
, sPerf U
(l−1)


Chb

(Coh(U)(l−1)

// Chb

Coh(U)(l)

// Chb

Coh(U)(l)/Coh(U)(l−1)
 (10)
where the vertical maps are given by restriction to U . Again, we check that they induce equivalences of
the corresponding derived categories and therefore induce isomorphisms in K-theory.
Using the maps (9) and (10) and [Sch06, Theorem 11.10], we see that the localization sequences
corresponding to
(TU)(l−1) → (TU)(l) → (TU )(l)/(l−1)
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and
Chb

(Coh(U)(l−1)

→ Chb

Coh(U)(l)

→ Chb

Coh(U)(l)/Coh(U)(l−1)

are isomorphic. This proves the lemma for p = −1 by [Sch06, Theorem 9.1], which shows that
K−1(Ch
b(A )) = 0 for any abelian category A . For p ≥ 0, [TT90, Theorem 1.11.7] shows that both
localization sequences are in turn isomorphic to the localization sequence
· · · → Kp

Coh(U)(l)

→ Kp

Coh(U)(l)
Coh(U)(l−1)

→ Kp−1

Coh(U)(l−1)

→ ·· ·
from Quillen K-theory for all l ∈ Z, where Coh(U)(l) denotes the abelian category of coherent sheaves
on the open subscheme U ⊂ X , with codimension of support ≥−l.
Therefore the stalks of the exact sequence (2) are exact sequences isomorphic to the usual ones in
the Gersten conjecture, which is satisfied for regular local rings of finite type over a field (see [Qui73,
Theorem 5.11]). This implies the statement as we can check the vanishing of a map of sheaves on the
stalks.
6.6 Lemma. There are isomorphisms
∩CH
∆
−p(T )
∼= CHp(X )
for all p ∈ Z.
Proof. Under our assumptions, Theorem 2.21 shows that CH∆−p(T )
∼= CHp(X ) for all p ∈ Z. The
isomorphisms ∩CH
∆
−p(T )
∼= CH∆−p(T ) are a consequence of the fact that the categories T
♮
(−p)
/T
♮
(−p−1)
can be expressed as bounded derived categories of abelian categories since we assumed that X is non-
singular (namely T
♮
(−p)
/T
♮
(−p−1)
∼= Db(Coh(X ))(−p)/D
b(Coh(X ))(−p−1)
∼= Db(Coh(X )(−p)/Coh(X )(−p−1))),
and are therefore idempotent complete already. Thus, there is an equivalence
T
♮
(−p)
/T
♮
(−p−1)
→

T
♮
(−p)
/T
♮
(−p−1)
♮
∼=

T(−p)/T(−p−1)
♮
induced by the inclusion functor, which gives the isomorphism by Remark 4.6.
We now want to compare the usual intersection product on X and the product from Definition 5.3
on the tensor triangular Chow groups of Dperf(X ), coming from the tensor Frobenius pair sPerf. In order
to do this, consider the isomorphisms
Ki(TU)→ Ki(Coh(U))
that were constructed in the proof of Lemma 6.5. If we denote them by sU
i
, then for all i, j ≥ 0 and
U ⊂ X open, they fit into a diagram
Ki(TU)⊗K j(TU) //
sUi ⊗s
U
j

Ki+ j(TU )
sUi+ j

Ki(Coh(U))⊗K j(Coh(U)) // Ki+ j(Coh(U))
(11)
where the horizontal arrows are given by the products in the Waldhausen K-theory of TU and in the
Quillen K-theory of Coh(U) (see [Wal78]), respectively.
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6.7 Theorem. Let α denote the intersection product from Definition 5.3 coming from the tensor Frobenius
pair sPerf and let α′ be the usual intersection product on X . Assume that diagram (11) commutes for all
i, j ≥ 0 and all opens U ⊂ X . Then the diagram
∩CH
∆
−p(T )⊗ ∩CH
∆
−q(T )
α //
∼=

∩CH
∆
−p−q(T )
∼=

CHp(X )⊗CHq(X )
α′ // CHp+q(X )
commutes up to a sign (−1)pq for all p,q ≥ 0.
6.8 Remark. The construction of the products in Quillen and Waldhausen K-theory is so natural that
it seems very plausible that diagram (11) always commutes for all i, j ≥ 0 and all opens U ⊂ X . A
hypothetical proof of this statement involves comparing the products in Waldhausen and Quillen K-
theory via the homotopy equivalence between the Waldhausen and Quillen K-theory spectra of an exact
category constructed in [Wal85, Section 1.9]. The author plans to further investigate this in future
work.
Proof of Theorem 6.7. As we have Spc(T )∼= X and X is regular, the sheaves K (0)p will be isomorphic to
the sheaves Fp associated to the presheaf U 7→ Kp(Coh(U)) on X via the isomorphisms sp. By the Bloch
formula, Hp(X ,Fp)
∼= CHp(X ). The statement now follows by the commutativity of diagram (11) and
the main result of [Gra78], where it is shown that the product
Hp(X ,Fp)⊗H
q(X ,Fq)→ H
p+q(X ,Fp ⊗Fq)→ H
p+q(X ,Fp+q)
agrees with the usual intersection product up to a sign (−1)pq, where the second map comes from the
product on Quillen K-theory induced by the tensor product.
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Appendix A The countable envelope of a tensor Frobenius pair
In this section, we show that the countable envelope of a tensor Frobenius pair (see Definition A.18)
naturally inherits the structure of a tensor Frobenius pair. This is an extension of work of Keller [Kel90,
Appendix B] and Schlichting [Sch06, Section 4] to a symmetric monoidal setting. It enables us to
embed a tensor Frobenius pair into one that has countable coproducts, which in turn makes it possible
to lift the embedding of its derived category into its idempotent completion to the level of Frobenius
models (see Section 2.3.2).
A.1 Ind-objects in an additive category
In this section we recall some of the theory of ind-objects in the additive setting. We heavily rely on the
exposition in [KS06].
Let E be a small additive category and denote by Eˆ add := Functadd(E
op,Ab) the abelian category of
additive functors from E to the category of Abelian groups. By composition with the forgetful functor,
it can be considered as a full subcategory of the category of all functors Eˆ := Funct(E op,Set) from E to
the category of sets (see [KS06, Proposition 8.2.12]).
The Yoneda functor gives an a priori embedding E → Eˆ , but as Hom-sets are abelian groups and
Hom-functors are additive in our setting, it factors through an embedding hE : E → Eˆ
add. Given a small
filtered category I and a functor α : I → E in E , its colimit in E might not exist. We denote by “lim
−→
” α
the colimit of the inductive system hE ◦ F in Eˆ , which is also in Eˆ
add.
A.1 Definition (cf. [KS06, Definition 6.1.1]). An ind-object in E is by definition an object of Eˆ that
is isomorphic in Eˆ to “lim
−→
” α for some small filtered category I and a functor α : I → E . We denote
by Ind(E ) the full subcategory of Eˆ consisting of the ind-objects in E . The functor hE induces a full
embedding ιE : E → Ind(E ).
A.2 Remark. In the literature, the category of ind-objects in E is often defined as the full subcategory
of Eˆ consisting of filtered colimits of representable functors (see e.g. [AGV71]). The resulting category
Ind′(E ) is equivalent to Ind(E ) from Definition A.1 and it is also possible to construct an explicit quasi-
inverse to the inclusion Ind′(E ) ,→ Ind(E ) as follows: for any object A ∈ Ind(E ), denote by EA the
category with objects arrows sU : U → A in Ind(E ) with U ∈ E (we identify E with a subcategory of
Ind(E ) via ιE ). A morphism f : sU → sV in EA is a morphism in E that makes the diagram in Ind(E )
U
sU //
f

A
V
sV
??⑧⑧⑧⑧⑧⑧⑧
commute. The category EA is cofinally small and filtered by [KS06, Proposition 6.1.5] and thus we can
define a functor
Ind(E )→ Ind′(E )⊂ Ind(E )
A 7→ “lim
−→
”
(U→A)∈EA
U (12)
which has image in Ind′(E ). By [KS06, Proposition 2.6.3 (i)], the natural map
“lim
−→
”
(U→A)∈EA
U → A
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is an isomorphism. If A= “lim
−→
”α for some functor α : I →E , then there is an associated functor I → EA
which maps i ∈ I to the canonical morphism α(i) → A. This functor is cofinal by [KS06, Proposition
2.6.3 (ii)] and we see that the functor (12) is indeed the desired quasi-inverse.
Under our assumptions, Ind(E ) carries the expected additional structure.
A.3 Lemma. The category Ind(E ) is additive.
Proof. It is immediate from the definition of Ind(E ) as a full subcategory of Eˆ that the category Ind(E )
is pre-additive, i.e. the morphism sets are abelian groups and composition is bilinear. As E is additive
it has finite coproducts and by [KS06, Proposition 6.1.18], it follows that Ind(E ) admits small (and in
particular finite) coproducts. As finite coproducts and products coincide in a pre-additive category (see
[KS06, Corollary 8.2.4]), it follows by [KS06, Lemma 8.2.9] that Ind(E ) is additive.
We finish the section with two statements about the indization of symmetric monoidal categories.
A.4 Proposition. Let E be endowed with a symmetric monoidal structure such that the functor a ⊗− is
additive for all objects a ∈ E . Then Ind(E ) naturally inherits a symmetric monoidal structure such that the
inclusion hE : E → Ind(E ) preserves the tensor product.
Proof. The statement seems to be well-known for Ind′(E ), at least in the context of abelian monoidal
categories (see e.g. [Del90, Section 7] or [Hái02, Section 3.4]), where one sets
“lim
−→
”
I
α⊗I “lim−→
”
J
β := “lim
−→
”
I×J
α⊗ β
with α : I → E and β : J → E functors from small filtered categories I , J to E and ⊗ the tensor
product on E . Thus, we can define a symmetric monoidal structure on Ind(E ) by pulling back along the
equivalence (12). Explicitly, we set for two objects A,B ∈ Ind(E )
A⊗I B := “lim−→
”
((U→A),(V→B))∈EA×EB
U ⊗ V .
The unit object of Ind(E ) is given as the image of the unit object of E under hE and the associativity,
commutativity and unit isomorphisms are all induced by the ones of E .
A.5 Remark. The product ⊗I is naturally isomorphic to the restriction to Ind(E ) of the Day convolution
product on Eˆ (see [Day70]). This product commutes with colimits in both arguments and the Yoneda
embedding takes the tensor product on E to the convolution product on Eˆ . Therefore, it must be
isomorphic to ⊗I .
A.6 Lemma. In the situation of Proposition A.4, the functor A⊗I − is additive for all objects A∈ Ind(E ).
Proof. By [KS06, Proposition 8.2.15], in order to prove additivity, it suffices to show that A⊗I − pre-
serves binary products. Assume we are given functors α : I → E ,β : J → E ,γ : K → E from small
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filtered categories I , J ,K to E such that “lim
−→
”
I
α ∼= A, “lim
−→
”
J
β ∼= B, “lim
−→
”
K
γ∼= C . Then
A⊗I (B× C)
∼=
 
“lim
−→
”
I
α
!
⊗I
  
“lim
−→
”
J
β
!
×
 
“lim
−→
”
K
γ
!!
∼=
 
“lim
−→
”
I
α
!
⊗I
 
“lim
−→
”
J×K
β × γ
!
∼= “lim
−→
”
I×J×K
α⊗ (β × γ)
∼= “lim
−→
”
I×J×K
α⊗β ×α⊗ γ ,
where we used that “lim
−→
” commutes with finite products and that ⊗ is additive in each variable. As the
diagonal functor I → I × I is cofinal (see [KS06, Corollary 3.2.3]), we obtain
“lim
−→
”
I×J×K
α⊗β ×α⊗ γ∼= “lim
−→
”
I×J×I×K
α⊗ β ×α⊗ γ
∼=
 
“lim
−→
”
I×J
α⊗ β
!
×
 
“lim
−→
”
I×K
α⊗ γ
!
∼= A⊗I B× A⊗I C
as desired.
A.2 The countable envelope of an exact category
From now on, we endow E with the structure of an exact category (in the sense of Quillen). We are
interested in the countable evelope CE , which is defined as a full subcategory of Ind(E ). Let I0 denote
the category
• → •→ •→ •→ · · ·
where we omit identities and compositions of morphisms.
A.7 Definition (cf. [Kel90, Appendix B]). The countable envelope CE of E is defined as the full subcate-
gory of Ind(E ) consisting of all those objects isomorphic to one of the form “lim
−→
”α, where α : I0 →E is
a functor that maps all arrows of I0 to inflations in E .
A.8 Remark. The embedding E → Ind(E ) factors via CE by choosing for an object E ∈ E the functor αE
that maps I0 to the constant diagram
E
id
−→ E
id
−→ E
id
−→ E→ ·· ·
in E .
Keller shows in [Kel90, Appendix B] that CE can be endowed with an exact structure as follows:
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A.9 Theorem ([Kel90, Appendix B]). The following defines an exact structure on CE : a sequence of maps
A→ B→ C is a conflation if and only if it is isomorphic to a sequence
“lim
−→
”α
“lim
−→
” f
−−−→ “lim
−→
”β
“lim
−→
”g
−−−→ “lim
−→
”γ
where α,β ,γ : I0 → E are functors that send all maps of I0 to inflations, and f : α→ β , g : β → γ are
morphisms of functors such that α(i)
f (i)
−→ β(i)
g(i)
−→ γ(i) is a conflation in E for all i ∈ I0.
A.10 Remark. It follows that the embedding E → CE is exact.
A.11 Remark. In [Kel90, Appendix B], the exact structure is actually defined on the category Ind′(E ),
but it defines an exact structure on the equivalent category Ind(E ) as well.
A.3 Tensor exact categories
A.12 Definition. A tensor exact category is an exact category E equipped with a compatible symmetric
monoidal structure ⊗E , i.e. the functors
a 7→ a⊗E b
are exact for all objects b ∈ E .
A.13 Proposition. For a tensor exact category E , the countable envelope CE naturally inherits the structure
of a tensor exact category such that the embedding E → CE is tensor exact.
Proof. The symmetric monoidal structure on CE is the restriction of the one on Ind(E ) (see Proposition
A.4). For two functors α,β : I0 →E with
“lim
−→
”α = A, “lim
−→
”β = B
we have by definition
A⊗I B = “lim−→
”
((U→A),(V→B))∈EA×EB
U ⊗ V ∼= “lim
−→
”
I0×I0
α⊗β ∼= “lim
−→
”
I0
α⊗ β
where the first isomorphism follows from [KS06, Proposition 2.6.3 (ii)] and the second one follows as
the diagonal functor I0 → I0 × I0 is cofinal (see [KS06, Corollary 3.2.3]). This proves that the tensor
product of two objects in CE is in CE again. Indeed, the morphisms α(i)⊗ β(i) → α( j) ⊗ β( j) are
inflations for all objects i, j ∈ I0 by the exactness property of ⊗.
It remains to show that for A ∈ CE , the functor A⊗I − is exact. Let α,β ,γ : I0 → E be functors and
f : α→ β , g : β → γ be natural transformations such that
α(i)
f (i)
−→ β(i)
g(i)
−→ γ(i)
is a conflation for all objects i ∈ I0. If A
∼= “lim
−→
”δ, then applying A⊗I − to the conflation
“lim
−→
”α
“lim
−→
” f
−−−→ “lim
−→
”β
“lim
−→
”g
−−−→ “lim
−→
”γ
yields a sequence isomorphic to
“lim
−→
”α⊗δ
“lim
−→
” f⊗id
−−−−−→ “lim
−→
”β ⊗ δ
“lim
−→
”g⊗id
−−−−−→ “lim
−→
”γ⊗ δ .
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As for all i ∈ I0, the sequence
α(i)⊗ δ(i)
f (i)⊗id
−−−→ β(i)⊗ δ(i)
g(i)⊗id
−−−→ γ(i)⊗ δ(i)
is a conflation by the exactness of the tensor product on E , it follows that A⊗I − is isomorphic to an
exact functor and therefore exact itself.
A.14 Definition. We say that a tensor exact category E satisfies the pushout product axiom if for every
two inflations f : A→ B, g : C → D in E , the canonical morphism
A⊗ D
∐
A⊗C
B⊗ C → B⊗ D
is an inflation.
Recall from [Büh10, Example 13.11] that for any category D and an exact category E , the category
ED of functors D → E inherits an exact structure, where a sequence of natural transformations
F → G→ H
is defined to be exact if F(d) → G(d) → H(d) is exact in E for all objects d ∈ D. We call this the
pointwise exact structure on ED .
A.15 Lemma. Let E be a tensor exact category with tensor product ⊗E and denote by C˜(E ) the category of
functors α : I0 → E , such that α maps all morphisms of I0 to inflations, with the pointwise exact structure
(see [Kel90]). Then C˜(E ) with the pointwise tensor product ⊗C˜(E ) makes C˜(E ) a tensor exact category.
Furthermore, if E satisfies the pushout product axiom, then so does C˜(E ).
Proof. It is clear that C˜(E ) inherits a symmetric monoidal structure from E : the associator, unitor and
commutator isomorphisms are all given pointwise by the symmetric monoidal structure on E and they
satisfy the required coherence conditions as they are satisfied for ⊗E . Note that the exactness properties
of ⊗E show that for two functors α,β ∈ C˜(E ), their tensor product a⊗C˜(E ) b is again a functor that maps
all morphisms of I0 to inflations. The exactness properties of ⊗E also imply that ⊗C˜(E ) has them as well
and thus C˜(E ) together with ⊗C˜(E ) is indeed a tensor exact category.
Now let us assume that E satisfies the pushout product axiom. As we can compute pushouts in
C˜(E ) pointwise, it follows that the map in question from Definition A.14 is pointwise an inflation and
therefore an inflation in C˜(E ) by definition of the exact structure.
A.16 Proposition. Assume E satisfies the pushout product axiom. Then the same holds true for CE .
Proof. Let us first remark that by Lemma A.15, the functor category C˜(E ) satisfies the pushout-product
axiom. Furthermore, it is an immediate consequence of the definition of the exact structure on CE and
the tensor product ⊗CE that the functor
“lim
−→
” : C˜(E )→ CE
is exact and preserves tensor products.
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Now, let f : A → A′, g : B → B′ be two inflations in CE . This means that there exist inflations
f ′ : α→ α′ and g ′ : β → β ′ in C˜E such that f ∼= “lim
−→
”( f ′) and g ∼= “lim
−→
”(g ′) (see Theorem A.9). Look
at the pushout diagram in C˜(E )
α⊗C˜E β
id⊗g ′ //
f ′⊗id

α⊗C˜E β
′
 id⊗g
′

α′⊗C˜E β
//
f ′⊗id
--
α′ ⊗C˜E β
∐
α⊗C˜Eβ
α⊗C˜E β
′
h′
((
α′ ⊗C˜E β
′
where h′ is an inflation as C˜E satisfies the pushout product axiom. We now apply the functor “lim
−→
” to
this diagram. As exact functors preserve pushouts along inflations (see [Büh10, Proposition 5.2]) and
“lim
−→
” commutes with the tensor products, we obtain a pushout diagram isomorphic to
A⊗CE B
id⊗g //
f⊗id

A⊗CE B
′
 id⊗g

A′ ⊗CE B //
f ⊗id
--
A′ ⊗CE B
∐
A⊗CE B
A⊗CE B
′
h
''
A′ ⊗CE B
′
where h is an inflation as “lim
−→
” is exact. This finishes the proof.
A.4 Tensor Frobenius pairs
Recall that a Frobenius category is an exact category with enough injective objects, such that the class
of injective and projective objects coincide.
A.17 Definition (see [Sch06, Section 3.4]). A Frobenius pair E = (E ,E0) is a strictly full, faithful and
exact inclusion of Frobenius categories E0 ,→ E such that the projective-injective objects of E0 are
mapped to the projective-injective objects of E .
We now give a symmetric monoidal version of Definition A.17.
A.18 Definition. A tensor Frobenius pair E = (E ,E0,⊗) consists of a Frobenius pair (E ,E0) and a sym-
metric monoidal structure on E with tensor product ⊗, that makes E a tensor exact category and
satisfies the following properties:
(i) For all objects A∈ E , the functor A⊗− preserves the projective/injective objects of E .
(ii) E0 is a ⊗-ideal in E , i.e. it is stable under tensoring with any object of E .
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(iii) The tensor exact category E satisfies the pushout product axiom.
A.19 Remark. In many examples, E will be a category of chain complexes over some exact category and
E0 the subcategory of acyclic complexes. From this point of view, requiring that E0 is a ⊗-ideal says that
⊗ passes directly to the corresponding derived category.
The pushout product axiom is there to make sure that ⊗ induces a product in the Waldhausen
K-theory of the Frobenius pair (see Lemma 5.2).
A.20 Remark. Here is an example where axiom (ii) of Definition A.18 is not satisfied: let R-mod be the
abelian category of finitely generated modules over a commutative noetherian ring R such that⊗R is not
an exact functor (i.e. R is not absolutely flat). Consider Cb(R-mod), the exact category of bounded chain
complexes of finitely generated R-modules, with conflations the degree-wise split ones and aCb(R-mod),
the exact subcategory of acyclic complexes. Then (Cb(R-mod), aCb(R-mod)) is a Frobenius pair and the
tensor product of chain complexes ⊗R makes this example almost a tensor Frobenius pair. However,
aCb(R-mod) is not a tensor ideal as ⊗R is not exact.
If E is a Frobenius category, CE is one as well, with the exact structure from Theorem A.9, according
to [Sch06, Section 4]. It follows that for a Frobenius pair E = (E ,E0), its countable envelope CE :=
(CE ,CE0) is again a Frobenius pair. We want to prove an analogous statement for tensor Frobenius
pairs.
A.21 Theorem. Let E = (E ,E0,⊗) be a tensor Frobenius pair. Then its countable envelope CE :=
(CE ,CE0,⊗I) is a tensor Frobenius pair.
Proof. We know that (CE ,CE0) is a Frobenius pair and Proposition A.13 gives a symmetric monoidal
structure on CE with tensor product ⊗I that makes CE a tensor exact category. Furthermore, CE will
satisfy the pushout product axiom by Proposition A.16.
In order to show that CE0 is a ⊗I-ideal in CE , let A
∼= “lim
−→
”α,B ∼= “lim
−→
”β for two functors α : I0 →
E ,β : I0 →E0. Then
A⊗I B
∼= “lim
−→
”α⊗ β
and as E0 is a ⊗-ideal in E , it follows that α⊗β has image E0 and thus A⊗I B ∈ CE0.
It remains to prove that A⊗I − preserves the projective-injective objects of CE which are given as
direct summands of objects isomorphic to “lim
−→
”ι where ι : I0 → E−prinj takes values in the full subcat-
egory of projective-injective objects of E (see [Sch06, Definition 4.3]). For such ι and any “lim
−→
”α ∈ CE
we have 
“lim
−→
”α

⊗I

“lim
−→
”ι

∼=

“lim
−→
”α⊗ ι

and as E is a tensor Frobenius pair we see that the functor α⊗ ι takes values in E−prinj. Thus for any
A ∈ CE , A⊗I − preserves objects isomorphic to “lim−→
”α where α : I0 → E−prinj. As it is an additive
functor it also preserves their direct summands. We conclude that A⊗I − preserves the projective-
injective objects of CE which finishes the proof.
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